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Abstract
Let E
1
and E
2
be the total spaces of smooth, oriented vector bundles of rank k over the n-sphere. We
show that if E
1
and E
2
are di!eomorphic, with orientation preserved, then the bundles are smoothly
equivalent up to orientation of the base whenever k’[(n#1)/2]#1. With an additional hypothesis, the
same conclusion holds when the base is an arbitrary closed, oriented n-manifold. Furthermore, if the base
manifold is a homotopy n-sphere and if one of the bundles has a nowhere-zero cross-section, then the
oriented bundles are smoothly equivalent up to orientation of the base in the case where k"[(n#1)/2]#1
as well. The latter statement is false if k([(n#1)/2]#1, as several counterexamples illustrate. We show
that each of these examples is an open manifold E admitting a complete metric of nonnegative sectional
curvature for which the zero section of the nontrivial vector bundle, a standard sphere, is not the image of
a soul in the sense of Cheeger and Gromoll under any di!eomorphism of E. ( 2000 Elsevier Science Ltd.
All rights reserved.
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1. Introduction
In this paper, we show that if two smooth, oriented, real vector bundles of rank k over a closed,
oriented n-manifold have di!eomorphic total spaces, with orientation preserved, such that the
di!eomorphism restricted to the zero section followed by the projection (a composition which is
always a homotopy equivalence) is homotopic to the identity, then they are smoothly equivalent
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oriented bundles whenever k’[(n#1)/2]#1. Furthermore, if the base manifold is a homotopy
n-sphere and if one of the vector bundles has a nowhere-zero cross-section, then the oriented
bundles are smoothly equivalent in the case where k"[(n#1)/2]#1 as well. The latter statement
is false if k([(n#1)/2]#1, as an unpublished example of Hae#iger shows (see [5,6,9]). In
particular, if the base is the standard n-sphere (or if it is a homotopy n-sphere that carries an
orientation-reversing di!eomorphism), then we may drop the requirement that the composition
above be homotopic to the identity.
Hae#iger’s example, whose existence is implied by results of Levine [13], is the nontrivial normal
bundle of a smoothly imbedded 11-sphere with the standard di!erentiable structure in Euclidean
17-space R17, a case where n"11 and k"6. The total space of this nontrivial normal bundle is
di!eomorphic to the total space of the trivial bundle S11]R6, a fact that is a special case of
a theorem of Hirsch [6]. Results of Levine [13] provide additional counterexamples for the
values (n, k)"(11, 4), (11, 5), (11, 6), (7, 4), (8, 4) and (9, 4). In Section 3, we say more about
the fundamental work of Levine in this connection, and provide an application of our results to the
theory of open manifolds with nonnegative sectional curvature. By the work of Cheeger and
Gromoll [1], such manifolds are topologically vector bundles over a compact submanifold called
a soul. We show that each example of Hae#iger and Levine is a nontrivial vector bundle, over
the standard sphere, whose total space admits a complete metric of nonnegative sectional curv-
ature for which the zero section of the bundle is not the image of a soul under any di!eomorphism
of the total space. Earlier nontrivial examples of this phenomenon (in which the zero section is
not the image of a soul under any di!eomorphism of the total space) are the tangent bundles
of those exotic spheres that do not admit any metric of positive scalar curvature; among trivial
examples are the products M]R3 where M is an exotic sphere bounding a compact parallelizable
manifold.
The condition that k’[(n#1)/2]#1 is used in the proof to apply a theorem of Hae#iger on
isotopy of smooth imbeddings. The argument for the case where k"[(n#1)/2]#1 over
a homotopy n-sphere does not rely on Hae#iger’s theorem but uses instead Kervaire’s theorem that
a smooth imbedding of the n-sphere with the standard di!erentiable structure in Euclidean
(n#k)-space has a trivial normal bundle whenever k’(n#1)/2. The results here are related to
those of an earlier paper [2] by the "rst author; see Section 3 below.
2. Statement and proof of results
In what follows, di!erentiable or smooth means of class C=, and for a real number x, [x] denotes
the largest integer not greater than x.
Theorem 1. Let n
i
: E
i
PM, i"1, 2, be smooth, oriented, real vector bundles of rank k over
an oriented, compact, diwerentiable manifold M without boundary, with zero cross-sections s
i
:
MPE
i
. Let F be an orientation-preserving diweomorphism of the total space E
1
onto E
2
such that
the composition n
2
"F " s
1
: MPM is homotopic to the identity map of M. If, in addition,
k’[(n#1)/2]#1, then the oriented bundles n
1
:E
1
PM and n
2
: E
2
PM are smoothly equi-
valent.
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Remarks. (1) In the proof we shall see that the conclusion of Theorem 1 is valid with the weaker
hypothesis that F be an orientation-preserving imbedding of a smooth neighborhood of the zero
section, s
1
(M), into E
2
such that n
2
" F " s
1
is homotopic to the identity. This remark applies as well
to Theorem 2 stated below except that, in the case where k"[(n#1)/2]#1 and F is an
orientation-preserving imbedding of a smooth neighborhood of s
1
(M) into E
2
such that n
2
"F " s
1
has degree #1, we need to assume that it is the bundle n
2
: E
2
PM which has a nowhere-zero
cross-section.
(2). If the hypothesis that n
2
" F " s
1
is homotopic to the identity is replaced by the hypothesis that
n
2
"F " s
1
is homotopic to a di!eomorphism f of M preserving orientation, then it follows from the
proof that there is a smooth bundle map (which preserves the orientation of the "bers) from E
1
to
E
2
covering f, or equivalently, that E
1
is smoothly equivalent to the induced bundle f HE
2
. The same
remark applies to the following.
Theorem 2. Let n
i
: E
i
PM, i"1, 2, be as in Theorem 1, but now let M be a homotopy n-sphere. If
k’[(n#1)/2]#1 and F is an orientation-preserving diweomorphism of E
1
onto E
2
such that
n
2
"F " s
1
has degree #1, then the oriented bundles are smoothly equivalent. The same conclusion
holds in the case where k"[(n#1)/2]#1, provided that one of the bundles has a nowhere-zero
cross-section.
In general, since n
2
"F " s
1
is a homotopy equivalence, its degree is always $1. The case where
the degree is !1 is considered in the following.
Corollary. Let k*[(n#1)/2]#1. In Theorem 2, if n
2
" F " s
1
has degree !1 instead, then there is
a smooth bundle map from E
1
onto the induced oriented bundle jHE
2
over !M, the manifold M with
the opposite orientation, where j : (!M)PM is the identity map of the underlying set, and the bundle
map covers j~1. Furthermore, if there is an orientation-reversing diweomorphism f : MPM, then E
1
is
smoothly equivalent to the induced oriented bundle f HE
2
.
For in"nitely many values of n, there are homotopy n-spheres M that do not admit any
orientation-reversing di!eomorphism f : MPM, e.g. n,3 (mod4), nO3 (see [12, Corollary 7.6]).
A homotopy n-sphere that has an orientation-reversing di!eomorphism onto itself either repres-
ents an element of order two in the group hn of homotopy n-spheres, or is the standard sphere. In
fact, if M is the standard n-sphere, then any re#ection o : SnPSn in an n-plane through the origin of
Rn‘1 is an orientation-reversing di!eomorphism, so E
1
and the induced bundle oHE
2
are equivalent
as oriented bundles over Sn in the case where n
2
" F " s
1
has degree !1 and k*[(n#1)/2]#1.
Furthermore, if the element of n
n~1
(SO(k)) classifying E
1
has order two, then E
1
and E
2
are smoothly
equivalent oriented bundles. In all of this, we assume that one of the bundles has a nowhere-zero
cross-section if k"[(n#1)/2]#1.
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Proof of Theorem 1. It is convenient to make certain identi"cations. We identify M with each zero
section s
i
(M), and regard s
i
as the inclusion map of M in E
i
. We consider the tangent bundle „M of
the zero section M to be a subbundle of „E
i
D
M
, the restriction to M of the tangent bundle „E
i
of E
i
.
In fact, „E
i
D
M
is naturally equivalent to the Whitney sum
„E
i
D
M
"„M=E
i
, i"1, 2,
where E
i
is identi"ed with the bundle whose "ber over p3M is the tangent space of n~1
i
(p) at s
i
(p).
We are given an orientation-preserving di!eomorphism F : E
1
PE
2
such that F " s
1
and s
2
are
homotopic smooth imbeddings of M. Since k’[(n#1)/2]#1 and M is compact, it follows from
an imbedding theorem of Hae#iger [3, TheH ore‘ me d’existence (b)] that F " s
1
and s
2
are di!erenti-
ably isotopic imbeddings. Now recall that we adopted the convention that the zero cross-sections
are inclusion maps. Therefore, by the isotopy extension theorem of Palais [14], the di!eomorphism
F is isotopic to a di!eomorphism from E
1
to E
2
whose restriction to the zero section M is the
identity. Thus, without loss of generality, we may assume that F " s
1
"s
2
is the identity map of M.
The derivative FH :„E1P„E2 of F is a bundle map covering F whose restriction to the tangent
bundle of M is the identity. Thus,
FHDM :„M=E1P„M=E2,
is the identity on the summand „M while it maps E
1
into „M=E
2
. Next, let us consider the
normal bundle of M in each E
i
, i"1, 2.
In general, if M is an n-manifold smoothly imbedded in an (n#k)-manifold =, the normal
bundle of M in = may be de"ned as the quotient bundle („=D
M
)/„M, where „=D
M
denotes the
tangent bundle of = restricted to M. This normal bundle has rank k. In particular, the normal
bundle of M in E
i
is the quotient bundle („M=E
i
)/„M, which is equivalent to E
i
. Furthermore, the
derivative FH induces a bundle equivalence of normal bundles
E
1
"(„M=E
1
)/„MP(„M=E
2
)/„M"E
2
,
because FH is the identity on „M. It follows that n1 : E1PM and n2 : E2PM are smoothly
equivalent bundles as claimed in Theorem 1.
The remark immediately following the statement of Theorem 1 above is explained now as
follows: If n
2
" F " s
1
is homotopic to a di!eomorphism f of M, and if fK denotes the bundle map
covering f from the induced bundle n
3
: f HE
2
PM onto n
2
: E
2
PM, then fK ~1 " F is a di!eomor-
phism of E
1
onto f HE
2
such that n
3
" fK ~1 "F " s
1
"f ~1 " n
2
"F " s
1
is homotopic to the identity map
of M. By Theorem 1, therefore, E
1
and f HE
2
are equivalent bundles. h
Proof of Theorem 2. According to Theorem 1, we need to consider only the case where
k"[(n#1)/2]#1. We are given a di!eomorphism F :E
1
PE
2
. Without loss of generality, we
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may suppose that n
2
: E
2
PM is the bundle with a nowhere-zero cross-section s : MPE
2
, since
otherwise we can replace the di!eomorphism F by its inverse F~1 :E
2
PE
1
. We choose
a homotopy equivalence j : SnPM of degree #1 between M and the standard sphere Sn, and use it
to identify the set of homotopy classes of maps from M into the universal base space BSO(k) with
the homotopy group n
n~1
(SO(k)). With this identi"cation, we say that the smooth, oriented bundles
of rank k over M are classi"ed by the elements of n
n~1
(SO(k)). If a3n
n~1
(SO(k)), then its negative
!a classi"es a smooth vector bundle over !M, the manifold M with the orientation reversed;
this classi"cation is made using the homotopy equivalence j " o :SnP!M of degree #1, where
o : SnPSn reverses the orientation of Sn. If a
1
and a
2
are elements of n
n~1
(SO(k)), then a
1
#(!a
2
)
classi"es a smooth, oriented vector bundle of rank k over the connected sum M#(!M), which is
a manifold di!eomorphic to the standard n-sphere for nO3, 4 because it is h-cobordant to Sn (see
[12, Lemmas 2.3 and 2.4]) hence di!eomorphic to Sn (see [16, Theorem 1.1]). In particular,
a
1
#(!a
1
)"0 classi"es the trivial bundle over M#(!M).
Now let a
i
3n
n~1
(SO(k)), i"1, 2, classify the given bundles E
i
, i"1, 2, respectively. The image
F(M) of the zero section is a compact submanifold of E
2
with normal bundle classi"ed by a
1
.
We may therefore deform the nowhere-zero cross-section s :MPE
2
to obtain a smooth
imbedding of M in E
2
disjoint from F(M). Let us denote this imbedding X : MPE
2
(X is a large
scalar multiple of s), which has normal bundle classi"ed by a
2
. We may form the connected
sum F(M)#[!X(M)] in E
2
by running a tube from F(M) to !X(M) (the image X(M) with
the orientation reversed), thus obtaining a smooth imbedding of M#(!M) in E
2
with
normal bundle classi"ed by a
1
#(!a
2
). But the restriction FD
M
is homotopic to the zero
cross-section of E
2
because n
2
"F " s
1
has degree #1, hence the imbedding
M#(!M)PF(M)#[!X(M)] is homotopically trivial. It follows from the engul"ng theorem
of Zeeman ([17, Theorem 19] and [7]) that F(M)#[!X(M)] is imbedded in the interior of an
(n#k)-disk in E
2
; that is to say, there is a smooth imbedding of M#(!M) in Rn‘k with normal
bundle classi"ed by a
1
#(!a
2
). If nO3,4, then M#(!M) is di!eomorphic to the standard
n-sphere, and according to Kervaire [10, Theorem 8.2], the normal bundle of an imbedding of the
standard n-sphere in Rn‘k is trivial whenever k’(n#1)/2. Since k"[(n#1)/2]#1’(n#1)/2,
it follows that if nO3,4, then a
1
#(!a
2
)"0; i.e., a
1
"a
2
, and the bundles are equivalent.
For n"3, there is nothing to prove as we have n
2
(SO(k))"0. For n"4, we apply the result of
Hsiang et al. [9, Theorem 1.10(ii)] which says that the normal bundle of an imbedding of
a homotopy n-sphere in Rn‘k is trivial whenever k’(n#1)/2 and n)15. This completes the
proof of Theorem 2. h
Now let us consider the Corollary. In the proof of Theorem 2, we showed that a
1
"a
2
. If we drop
the assumption that n
2
" F " s
1
has degree #1, then the argument in the proof can be adapted to
conclude that a
1
"$a
2
, where a
1
"!a
2
in the case where n
2
" F " s
1
has degree !1, the only
other possibility. In fact, if n
2
" F " s
1
has degree !1, then the connected sum F(M)#X(M)
(notation as in the proof of Theorem 2) gives a smooth imbedding of M#M which is homotopi-
cally trivial in E
2
, and we may apply the engul"ng theorem to conclude that there is a smooth
imbedding of M#M in Rn‘k with normal bundle classi"ed by a
1
#a
2
"0, provided that
k*[(n#1)/2]#1. Thus, a
1
"!a
2
. Furthermore, if M#M is di!eomorphic to Sn, that is if
M has order two in the group hn of homotopy n-spheres or if M"Sn, then there is a di!eomor-
phism f : MPM that reverses orientation and the induced oriented bundle f HE
2
is equivalent to
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E
1
by the remark immediately preceding the statement of Theorem 2, where f HE
2
is classi"ed by
!a
2
"a
1
. This completes the proof of the corollary. h
If a
1
has order two in n
n~1
(SO(k)), then a
1
"a
2
, and E
1
and E
2
are smoothly equivalent oriented
bundles in the case where n
2
" F " s
1
has degree !1, provided that M#M"0 in hn, 2a
1
"0 in
n
n~1
(SO(k)), k*[(n#1)/2]#1, and one of the bundles has a nowhere-zero cross-section if
k"[(n#1)/2]#1.
That the case where n
2
"F " s
1
has degree !1 and F preserves orientation for nontrivial bundles
E
1
and E
2
does indeed occur is shown as follows: Let a
1
3n
n~1
(SO(k)) be a nonzero element in the
image of the homomorphism iH :nn~1(SO(k!1))Pnn~1(SO(k)) induced by the inclusion
SO(k!1)LSO(k). Such elements exist for example if (n, k)"(5, 4), (6, 4), (11, 7), and (12, 7) where
k"[(n#1)/2]#1; for this see Kervaire [11] and use the exact homotopy sequence of the
"bration Sk~1"SO(k)/SO(k!1). Let n
1
: E
1
PSn denote the oriented, smooth vector bundle of
rank k classi"ed by a
1
. Then E
1
is the Whitney sum
E
1
"E(k~1)
1
=(Sn]R),
where E(k~1)
1
is an oriented, smooth vector bundle of rank k!1 classi"ed by an element of
n
n~1
(SO(k!1)) which is mapped to a
1
by iH. Let on‘1 :SnPSn be the re#ection de"ned by writing
o
n‘1
(u
1
,2, un, un‘1)"(u1,2, un,!un‘1) for all u"(u1,2, un‘1)3Sn, and let oHn‘1E(k~1)1 be theinduced bundle of rank k!1. The bundle map Sn]RPSn]R sending each (u, t)3Sn]R to
(o
n‘1
(u),!t) may be combined with the bundle map E(k~1)
1
PoH
n‘1
E(k~1)
1
covering o
n‘1
(observe
that o2
n‘1
"1D
S
n) to give a bundle map F,
where E
2
is classi"ed by a
2
"!a
1
and F is a di!eomorphism of E
1
onto E
2
which reverses the
orientation of the base and of the "ber Rk"Rk~1]R; i.e., F is an orientation preserving
di!eomorphism.
3. Examples and concluding remarks
First we give a brief summary of the background. In [6, Theorem 8], Hirsch proved that if M is
a smooth manifold combinatorially equivalent to the standard n-sphere Sn, and g : MPRn‘k is
a smooth imbedding in Euclidean (n#k)-space, where k*3, then there is a di!eomorphism
h : Rn‘kPRn‘k di!erentiably isotopic to the identity, mapping a closed tubular neighborhood of
g(M) onto the standard tubular neighborhood Sn]Dk of the standard imbedded n-sphere Sn in
Rn‘k, where Dk is the standard unit k disk in Rk; i.e., the total space of the normal bundle of g(M) in
Rn‘k is di!eomorphic to the total space of the trivial bundle over Sn if k*3. In [4], Hae#iger
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de"ned the group Rn‘k,n of h-cobordism classes of imbedded n-spheres, with the standard di!eren-
tiable structure, in Rn‘k. The theorems of S. Smale imply that in most cases the elements of
Rn‘k,n correspond to the isotopy classes of imbedded, knotted n-spheres in the (n#k)-sphere.
Hae#iger [4] showed that Rn‘k,n is zero when k’(n#3)/2, but R6d,4d~1 is in"nite cyclic if d’1.
Kervaire [10, Theorem 8.2] showed that the normal bundle of an imbedding of the standard
n-sphere in Rn‘k must be trivial if k’(n#1)/2.
In [13], Levine de"ned the group hn‘k,n of isotopy classes of knotted homotopy n-spheres in
Rn‘k, each class having a uniquely de"ned normal bundle of rank k. By identifying each vector
bundle of rank k over an n-sphere with the element of the homotopy group n
n~1
(SO(k)) classifying
the bundle, he de"ned a homomorphism L
1
: hn‘k,nPn
n~1
(SO(k)). Now, if hn denotes the group
of homotopy n-spheres, then Rn‘k,n is the kernel of the natural homomorphism hn‘k,nPhn.
Levine de"ned the subgroup L
1
Rn‘k,n of n
n~1
(SO(k)), and tabulated [13, p. 48] its order for
low values of n, 5)n)11 and 3)k)7. This group, N
0
(n, k)"L
1
Rn‘k,n, may be described
as consisting of the normal bundles of knotted spheres Sn in Rn‘k; for k*3, the total space of
these normal bundles of rank k is di!eomorphic to Sn]Rk under a di!eomorphism h of Rn‘k
isotopic to the identity. Therefore, each nonzero element of L
1
Rn‘k,n represents an example
of a nontrivial vector bundle of rank k over the n-sphere Sn whose total space is diweomorphic
to Sn]Rk, provided that k*3.
Levine [13, Corollary, p. 44], showed that Rn‘k,n is a "nite group unless n"4d!1 and
k)2d#1, in which case R4d~1‘k,4d~1 is "nitely generated of rank 1. He also showed that
L
1
R17,11"N
0
(11,6) has order "ve in n
10
(SO(6))"Z
120
#Z
2
. Thus, there are in"nitely many
isotopy classes of knotted 11-spheres S11 in R17 and there are exactly "ve possible normal bundles;
the total space of each of these normal bundles of rank 6 is di!eomorphic to S11]R6 where the
image of the (nontrivially) knotted zero-section is not an isotopic deformation of S11]M0N.
A similar description applies to the groups L
1
R15,11 and L
1
R16,11 each of which has order "ve.
The groups L
1
R12,8 and L
1
R13,9 have order two; the group L
1
R11,7 has order four
in n
6
(SO(4))"Z
12
#Z
12
.
In each of these examples, one has k([(n#1)/2]#1. A remaining question is whether or not,
for k"[(n#1)/2]#1, there exist two nonequivalent vector bundles of rank k over a homotopy
n-sphere, neither of which admits a nowhere-zero cross-section, but whose total spaces are
di!eomorphic with orientation preserved. Such an example cannot be the normal bundle of
a homotopy n-sphere in Rn‘k because such a bundle is "ber-homotopically trivial, hence admits
a nowhere-zero cross-section.
In an earlier paper [2], the "rst author proved the following related result which we state
here as:
Theorem A (R. De Sapio [2, Theorem 1]). Let m be a stably trivial, oriented, smooth vector bundle of
rank n over a homotopy n-sphere M, nO3, 4, and let g be such a bundle over the standard n-sphere Sn.
Then the following three statements are equivalent:
(1) m and g are equivalent as oriented bundles of rank n over Sn.
(2) The total spaces of the associated n-disk bundles are diweomorphic, with orientation preserved.
(3) The total spaces of m and g are diweomorphic, with orientation preserved.
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Corollary (R. De Sapio [2]). The total space of the tangent bundle of any homotopy n-sphere is
diweomorphic, with orientation preserved, to the total space of the tangent bundle of the standard
n-sphere.
Now we discuss an application of our results to Riemannian geometry. Cheeger and Gromoll [1]
have shown that any complete, noncompact manifold N of nonnegative sectional curvature is
di!eomorphic to the normal bundle l(S) of a compact, totally geodesic (hence nonnegatively
curved) submanifold S, called a soul of N. Furthermore, by a result of Perelman [15], the metric
structure of N is closely related to that of the normal bundle of S: The metric projection n :NPS
which maps p3N to the point n(p) of S that is closest to p is a Riemannian submersion which
satis"es n " expl"nl, where nl : l(S)PS denotes the bundle projection, and expl : l(S)PN is the
normal exponential map.
Cheeger and Gromoll asked which vector bundles over standard n-spheres admit complete metrics
of nonnegative curvature. The tangent bundle „Sn is a typical example of one that does carry such
a metric. Thus it follows from the corollary to Theorem A above, that the total space of the tangent
bundle of any homotopy n-sphere carries a complete metric of nonnegative sectional curvature. But
for n,1, 2 (mod8), n’8, there are homotopy n-spheres which do not carry any metric of positive
scalar curvature (see [8, p. 46]), hence each of these homotopy n-spheres is not the image of a soul
under any di!eomorphism of the total space of its tangent bundle with any metric of nonnegative
sectional curvature.
It is known that if n)4, then all bundles over the standard n-sphere admit a metric of
nonnegative sectional curvature. In all these metrics the zero section of the bundle is a soul of N.
Our results, together with Hae#iger and Levine’s examples and the theorem of Hirsch, imply that
for (n, k)"(7, 4), (8, 4), (9, 4), (11, 4), (11, 5) and (11, 6), there exist metrics of nonnegative sectional
curvature on nontrivial vector bundles of rank k over the standard n-sphere Sn for which the zero section
is not the image of a soul under any diweomorphism of the total space onto itself. In fact, let m be one
such nontrivial rank k bundle over Sn and G : EPSn]Rk a di!eomorphism from the total space
E of m onto the trivial bundle. Consider Sn]Rk with the standard product metric of nonnegative
curvature, and endow E with that Riemannian metric for which G is an isometry. Now, if the zero
section S of m were a soul of E, then by de"nition, G(S) would be a soul of Sn]Rk. But the souls of
Sn]Rk are precisely the submanifolds of the form Sn]MuN, for u3Rk. Composing G with the
di!eomorphism of Sn]Rk which leaves the "rst factor "xed and translates the second by !u yields
a di!eomorphism F :EPSn]Rk which preserves the zero sections. The arguments of Theorem 1
then go through to show that the two bundles are equivalent up to orientation of the base, which is
impossible. Notice that, with this metric, E has in"nitely many souls, but the zero section is not one
of them. The point is that with this induced metric on E, every soul has a trivial normal bundle
whereas the zero section S of m has the nontrivial bundle m as its normal bundle. It follows that S is
not the image of a soul under any di!eomorphism of E.
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